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Inhomogeneity and universality: o-ritial
behavior of interfaes
Pierre Nolin
Courant Institute of Mathematial Sienes
Abstrat
We further study the interfaes arising in a situation of inhomogeneity.
More preisely, we identify a harateristi length for the gradient pero-
lation model, that enables us to tighten previous estimates established for
it. This allows to onstrut non-trivial saling limits: the limiting objets
share some properties with ritial perolation interfaes, but loally, they
rather behave like o-ritial perolation interfaes.
1 Introdution
The phase transition of site perolation on the triangular lattie is now math-
ematially well-understood. Smirnov's proof of onformal invariane in the
saling limit [19℄ has enabled to prove the onvergene of ritial interfaes to
Shramm's SLE proess with parameter 6. SLE-based omputations by Lawler,
Shramm and Werner (see e.g. [13℄) ompleted the rigorous proof of the exis-
tene and values of the so-alled arm exponents for ritial perolation [21℄.
Combining these results with Kesten's saling relations [11℄, one gets a rather
preise desription of perolation near ritiality in two dimensions [21, 15℄. Fur-
ther ongoing work in this diretion by Garban, Pete and Shramm [8℄, where
they onstrut the saling limit of near-ritial perolation, ompletes the pi-
ture.
There are two ways to desribe the large-sale behavior of suh lattie mod-
els. The rst one is to identify the saling limit of the geometri objets (the
interfaes, the lusters). In the ase of perolation, this is the onvergene of in-
terfaes or of olletions of loops [19, 20, 3, 4℄ to the orresponding SLE-related
onformally invariant objets. Note that usually, ompatness arguments (for
instane in the setup of Aizenman-Burhard [1℄) provide existene of subsequen-
tial limits, but that (so far), the uniqueness of this limit has to rely on additional
information suh as onformal invariane. In reent ongoing work, Shramm and
Smirnov [18℄ have proposed an elegant setup to desribe the saling limit as a
random objet in a nie spae, the spae of rossed quads.
The other way to desribe the large-sale behavior of suh models is more
impliit. One understands the saling limits of ertain probabilities (or their
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Figure 1: Gradient perolation in a strip.
deay rate). This leads for instane to the identiation of the so-alled ritial
exponents for the models that had been predited by Conformal Field Theory,
and that are often diretly related to the fratal dimensions of random sets
dened by the previous setup. An example of suh a result is the power law for
the harateristi length (measuring the mean size of a nite luster [11℄)
ξ(p) = |p− 1/2|−ν+o(1)
as p→ 1/2, with ν = 4/3.
In [14℄, we studied the gradient perolation model, an inhomogeneous per-
olation proess where the density of blak (oupied) sites depends on the
loation in spae, that was introdued in [17℄ as an approximation of more om-
plex systems where inhomogeneity plays a entral role. Considering a strip of
length ℓN and of nite width 2N , with a parameter p(y) dereasing linearly
along the vertial axis from 1 to 0 (see Figure 1), we showed that if the length
of the strip satises ℓN ≫ Nν/(1+ν) (= N4/7), then with high probability, there
exists a unique front, an interfae between the luster of blak sites onneted
to the bottom of the strip and the luster of white sites onneted to the top,
and the vertial utuations of this front are of order Nν/(1+ν). We also proved
that various other marosopi quantities assoiated with it  its disrete length
for instane  an be desribed via ritial exponents related to the exponents
of standard perolation: it inherits many global properties of the ritial per-
olation interfaes. These results are all results about exponents that give
information about the length, the width et. of gradient perolation interfaes.
Note that in this ase, the saling limit of the interfae that one sees by
diretly looking at the piture is a straight line, even though the number of
points on the interfae does not grow linearly. Our results however strongly
suggested that in order to onstrut non-trivial saling limits for the front, one
should sale it by a fator of order N4/7  instead of N , for whih one just gets
a straight line in the limit (see Figure 2). However, the existene of suh saling
limits was not established, mainly due to possible logarithmi orretions in all
estimates oming from SLE omputations.
The goal of the present paper is to study the saling limits of the gradient
perolation model interfaes, by ombining ideas and results of [14℄ and [16℄.
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Figure 2: The gradient perolation interfae on a sale (roughly) N4/7  on a
sale of order N , one just sees a straight line.
We identify a  both horizontal and vertial  harateristi length σN for this
model, that turns out to be the right way to sale the front. We use this length
to tighten results on gradient perolation obtained in [14℄, whih allows us to
apply tightness arguments due to Aizenman and Burhard to onstrut non-
trivial saling limits.
We then study some properties of these saling limits. Our onstrution
shows that they are similar to interfaes in near-ritial regime, studied in [16℄.
On the one hand, these interfaes share the same exponents as SLE6, that
desribes limits of interfaes in ritial regime. On the other hand, they are not
SLE urves exatly: they are rather similar loally to interfaes in o-ritial
regime.
Our results thus indiate that in a situation of inhomogeneity, where one
sees self-ritial interfaes that are loalized where the density is lose to the
perolation threshold  i.e. perolation phase transition appears spontaneously
 what we observe orresponds to the whole near-ritial regime rather than the
ritial regime exatly. In partiular, the interfaes that arise are not strito
sensu in the same lass of universality as the ritial interfaes  even if global
marosopi quantities stay omparable to what they are at ritiality.
2 Charateristi length for gradient perolation
2.1 Perolation bakground
This paper uses earlier results on near-ritial perolation, primarily from [11,
21℄. In this setion, we reall some results that we will use. All these results are
stated and derived in [15℄, and we follow the notations of this paper (see also [22℄
for a general aount on two-dimensional ritial perolation). In partiular,
we restrit ourselves to site perolation on the triangular lattie, with basis
(1, eiπ/3), so that the parallelogram of orners ai + bje
iπ/3
(i, j ∈ {1, 2}) is
denoted by [a1, a2]× [b1, b2], and CH([a1, a2]× [b1, b2]) refers to the existene of
a horizontal blak rossing in this parallelogram onneting its left side to its
right side (we use CV for vertial rossings). The notation f ≍ g means that
there exist two onstants C1, C2 > 0 suh that C1g ≤ f ≤ C2g, and f ≈ g
means that log f/log g → 1.
Reall the denition of the nite-size saling harateristi length: for any
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ǫ ∈ (0, 1/2),
Lǫ(p) = min{n s.t. Pp(CH([0, n]× [0, n])) ≤ ǫ} (2.1)
when p < 1/2, and the same with white rossings when p > 1/2 (so that
Lǫ(p) = Lǫ(1− p)). This length measures the sale up to whih perolation an
be onsidered as almost ritial, and it happened to be a key tool to study
near-ritial perolation  see e.g. [11℄.
We use the so-alled arm events, more preisely the events
A2(n1, n2) = A2,BW (n1, n2) = {∂Sn1  2,BW ∂Sn2}
that there exist two arms, one blak and one white, rossing the annulus Sn1,n2 =
Sn2 \ S˚n1 of radii n1 and n2 entered on the origin, and also
A4(n1, n2) = A4,BWBW (n1, n2) = {∂Sn1  4,BWBW ∂Sn2},
the similar event with four arms of alternating olors. We also introdue the
notation, for j = 2 or 4,
πj(n1, n2) = P1/2(Aj(n1, n2))
(and when n1 = 0, we hoose not to mention it, so that Aj(n) and πj(n) refer
to Aj(0, n) and πj(0, n) respetively).
The following properties hold for any xed ǫ ∈ (0, 1/2):
1. The Russo-Seymour-Welsh estimates are valid below Lǫ(p): for all k ≥ 1,
there exists δk = δk(ǫ) > 0 suh that for all p, all n ≤ Lǫ(p), any produt
measure Pˆ between Pp and P1−p (i.e. with assoiated parameters (pˆv) so
that for eah site v, pˆv is between p and 1− p),
Pˆ(CH([0, kn]× [0, n])) ≥ δk. (2.2)
2. The rossing probabilities deay exponentially fast with respet to Lǫ(p):
there exist onstants Ci = Ci(ǫ) > 0 suh that for all p < 1/2, all n,
Pp(CH([0, n]× [0, 2n])) ≤ C1e−C2n/Lǫ(p). (2.3)
3. We have (this is known as the quasi-multipliativity property) for j = 2
or 4
Pˆ(Aj(n1/2))× Pˆ(Aj(2n1, n2)) ≍ Pˆ(Aj(n2)) (2.4)
uniformly in p, 2n1 ≤ n2 ≤ Lǫ(p) and Pˆ between Pp and P1−p, and also
Pˆ(Aj(n1, n2)) ≍ P1/2(Aj(n1, n2)). (2.5)
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4. For j = 2 or 4, for any η ∈ (0, 1),
P1/2(Aj(ηn, n))→ fj(η) (2.6)
as n → ∞, where fj(η) = ηαj+o(1) as η → 0+, with α2 = 1/4 and
α4 = 5/4. This implies (using Eq.(2.4)) that
πj(n) = P1/2(Aj(n)) ≈ n−αj (2.7)
as n→∞.
2.2 Regularity and asymptoti behavior of L
ǫ
We will need preise estimates on the behavior of the harateristi length Lǫ(p)
as p → 1/2. Let us rst reall results that are derived in [15℄. For any (xed)
ǫ ∈ (0, 1/2), we have that
|p− 1/2|Lǫ(p)2π4(Lǫ(p)) ≍ 1 (2.8)
as p→ 1/2.
• Using Eq.(2.7) with j = 4, this relation implies that for any ǫ ∈ (0, 1/2),
Lǫ(p) ≈ |p− 1/2|−ν (2.9)
as p→ 1/2, with ν = 4/3.
• By ombining this relation with an a-priori bound for π4, namely that
π4(n1, n2) ≥ c(n1/n2)2−α (2.10)
for any n1 < n2 (c, α > 0 being universal onstants), we also obtain that
for any two ǫ, ǫ′ ∈ (0, 1/2),
Lǫ(p) ≍ Lǫ′(p). (2.11)
In the following, we will need to ompare Lǫ(1/2 + δ) and Lǫ(1/2 + δ
′) for
two small values δ, δ′ > 0. We ould write
Lǫ(1/2 + δ)
Lǫ(1/2 + δ′)
≈
(
δ
δ′
)−4/3
,
but this logarithmi equivalene is not preise enough. We bypass this diulty
by deriving a weaker result that is suient for our purpose.
Lemma 1. There exist universal onstants C1, C2, α1, α2 > 0 suh that
C1
(
δ
δ′
)−α1
≤ Lǫ(1/2 + δ)
Lǫ(1/2 + δ′)
≤ C2
(
δ
δ′
)−α2
(2.12)
for any two 0 < δ < δ′ < 1/2.
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Proof. The proof is essentially the same as that of Eq.(2.11). We know from
Eq.(2.8) that
δ
(
Lǫ(1/2+δ)
)2
π4(Lǫ(1/2+δ)) ≍ 1 ≍ δ′
(
Lǫ(1/2+δ
′)
)2
π4(Lǫ(1/2+δ
′)), (2.13)
hene, (
Lǫ(1/2 + δ)
)2
(
Lǫ(1/2 + δ′)
)2 ≍ π4(Lǫ(1/2 + δ
′))
π4(Lǫ(1/2 + δ))
× δ
′
δ
. (2.14)
We dedue that
(
Lǫ(1/2 + δ)
)2
(
Lǫ(1/2 + δ′)
)2 ≍ (π4(Lǫ(1/2 + δ′), Lǫ(1/2 + δ)))−1 × δ
′
δ
(2.15)
by quasi-multipliativity (item 3. above, in the ase of j = 4 arms). The
estimate for 4 arms Eq.(2.10), and also the trivial bound π4(n1, n2) ≤ 1, now
provide the desired onlusion.
2.3 Gradient perolation: setup
Let us now dene the gradient perolation model itself: we onsider independent
site perolation in the strip
S∞N = (−∞,+∞)× [−N,N ], (2.16)
with parameter
p(y) =
1
2
− y
2N
. (2.17)
For our purpose, working with suh a strip innite in both diretions will be
more onvenient: we get in this way a stationary proess, and we avoid the
boundary eets.
Note that with this setting, there is a.s. a unique interfae between the
innite luster of blak sites onneted to (−∞,+∞) × {−N} and the innite
luster of white sites onneted to (−∞,+∞) × {N}: indeed, there exists a
olumn onsisting  exept for the top site  only of blak sites, and the interfae
an be explored starting from the top of this olumn. We refer to this (random)
interfae as the front, and we denote it by FN . We also introdue the sub-strips
St1,t2N = [t1, t2]× [−N,N ] ⊆ S∞N (2.18)
for −∞ < t1 < t2 < +∞, and
[u1, u2] = (−∞,+∞)× [u1, u2]. (2.19)
We use in partiular the notation [±u] = [−u, u] = (−∞,+∞)× [−u, u].
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2.4 Charateristi length for gradient perolation
We now introdue a quantity σǫN that measures the vertial utuations of the
front. As will beome lear in the following, this quantity an be seen as a 
both horizontal and vertial  harateristi length for the gradient perolation
model.
Denition 2. For any ǫ ∈ (0, 1/2), any N ≥ 1, we dene
σǫN = sup
{
σ s.t. Lǫ
(
p(σ)
)
= Lǫ
(
1
2
− σ
2N
)
≥ σ
}
. (2.20)
Note that if we plug into this denition the value of the exponent ν assoiated
with Lǫ (i.e. Eq.(2.9)), we get that
σǫN ≈ Nν/(1+ν) = N4/7 (2.21)
as N → ∞. This impliit denition makes life easier ompared to the losed
value N4/7 that we used in [14℄, for whih we had to take are of potential
logarithmi orretions.
Eq.(2.11) implies that
σǫN ≍ σǫ
′
N (2.22)
for any two ǫ, ǫ′ ∈ (0, 1/2): the sale σǫN is unique up to multipliative onstants.
We thus x some ǫ ∈ (0, 1/2) (e.g. ǫ = 1/4) for the rest of the paper. We will
see in the next setion that σǫN is the right sale to onsider.
Note that by denition of σǫN , we have
Lǫ(p(σ
ǫ
N )) ≍ σǫN . (2.23)
On the one hand, we know that for any xed u ≥ 1, the Russo-Seymour-Welsh
lower bounds hold in the strip [±uσǫN ], uniformly for N ≥ 1. On the other hand,
the previous regularity lemma for Lǫ (Lemma 1) implies that for any u ≥ 1,
Lǫ
(
p(uσǫN )
)
= Lǫ
(
1
2
− uσ
ǫ
N
2N
)
≤ C−11 u−α1Lǫ
(
1
2
− σ
ǫ
N
2N
)
= C−11 u
−α1Lǫ
(
p(σǫN )
)
,
(2.24)
so that using Eq.(2.23),
Lǫ
(
p(uσǫN )
) ≤ cu−ασǫN (2.25)
for some universal onstants c, α > 0 (we would expet that α = 4/3, but
one has to be areful with the logarithmi orretions). We will atually need
Eq.(2.25) also for u ∈ [1/2, 1]: this is again a onsequene of Lemma 1 (just
inrease the onstant c if neessary).
2.5 Marosopi properties of the front
The denition of σǫN enables us to tighten the estimates of [14℄. The proofs are
essentially the same, we reall them briey sine some non-trivial adaptations
are needed. Our reasonings are based on the following two main observations:
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• The front FN never goes far from the strip [±σǫN ], due to the exponential
deay property Eq.(2.3).
• The behavior of FN in any strip [±uσǫN ] (u ≥ 1) is roughly the same as
that of ritial perolation.
Loalization
Proposition 3. There exist some universal onstants α,C1, C2 > 0 suh that
P(FN ∩ S0,tσ
ǫ
N
N * [±uσǫN ]) ≤ C1
(
t
u
+
u
t
)
e−C2u
α
(2.26)
for all t, u ≥ 1.
Proof. Assume that FN ∩ S0,tσ
ǫ
N
N * [±uσǫN ]. If for instane FN ∩ S0,tσ
ǫ
N
N exits
the strip [±uσǫN ] from above, then either it stays above the line y = u2σǫN and
rosses horizontally the strip [0, tσǫN ]× [u2σǫN , N ], either it rosses vertially the
strip [0, tσǫN ]× [u2σǫN , uσǫN ].
Consider the rst ase: the event CH([0, tσǫN ] × [u2σǫN , N ]) ours. If t ≥
u, there is a horizontal rossing in one of the parallelograms [0, uσǫN ] × [(u2 +
ku)σǫN , (
u
2 + (k + 2)u)σ
ǫ
N ] (k = 0, 1, . . .), or a vertial rossing in one of the
parallelograms [0, 2uσǫN ] × [(u2 + k′u)σǫN , (u2 + (k′ + 1)u)σǫN ] (k′ = 0, 1, . . .).
Using the exponential deay property Eq.(2.3), we get
P
(
CH
(
[0, uσǫN ]×
[(u
2
+ ku
)
σǫN ,
(u
2
+ (k + 2)u
)
σǫN
]))
≤ C1e−C2uσ
ǫ
N/Lǫ(p((
u
2
+ku)σǫN ))
≤ C1e−C3(k+ 12 )
αuα
sine Lǫ(p((
u
2 + ku)σ
ǫ
N )) ≤ c((k + 12 )u)−ασǫN (by Eq.(2.25)). The same bound
holds for P(CV ([0, 2uσǫN ]× [(u2 + k′u)σǫN , (u2 +(k′ +1)u)σǫN ])), and by summing
over k, k′ ≥ 0, we get that the onsidered event has a probability at most
2
∞∑
k′′=1
C1e
−C32
−αk′′αuα ≤ 2C1e−C4u
α
∞∑
k′′=1
e−C4(k
′′α−1)
≤ C5 t
u
e−C4u
α
,
by using that uα ≥ 1 and t/u ≥ 1.
If t < u, we use parallelograms of size t instead, and the onsidered event
has a probability at most:
2
∞∑
k=0
C1e
−C3(
u
2
+kt)α ≤ C6 u
t
∞∑
l=1
e−C7l
αuα
≤ C8 u
t
e−C7u
α
,
8
sine for eah l′ ≥ 0, there are of order u/t values of k for whih (l′ + 12 )u ≤
u
2 + kt < (l
′ + 32 )u.
Consider now the seond ase: the event CV ([0, tσǫN ] × [u2σǫN , uσǫN ]) ours.
If t ≥ u, there is a vertial rossing in one of the parallelograms [kuσǫN , (k +
1)uσǫN ] × [u2σǫN , uσǫN ] (0 ≤ ku ≤ t), or a horizontal rossing in one of the
parallelograms [k′ u2σ
ǫ
N , (k
′ + 1)u2σ
ǫ
N ] × [u2σǫN , 3u2σǫN ] (0 ≤ k′ u2 ≤ t). There are
of order t/u suh parallelograms, and for eah of them there is a rossing with
probability at most
C1e
−C2
u
2
σǫN/Lǫ(p(
u
2
σǫN )) ≤ C1e−C3u
α
.
The onsidered event has thus a probability at most
C4
t
u
e−C3u
α
.
If t < u, we use the parallelogram [0, tσǫN ]× [u2σǫN , uσǫN ]: it is rossed vertially
with probability at most
C1
u
t
e−C3u
α
,
sine u/t ≥ 1.
Remark 4. In the other diretion, let us x some u ≥ 1. For t ≥ u, we
an onsider the independent parallelograms [kuσǫN , (k+1)uσ
ǫ
N ]× [−uσǫN , uσǫN ]
(0 ≤ k ≤ tu−1): in eah of them, a vertial blak rossing ours with probability
at least δ2 = δ2(u) > 0, so that
P(FN ∩ S0,tσ
ǫ
N
N ⊆ [±uσǫN ]) ≤ (1 − δ2)t/u−1 ≤ C1e−C2t, (2.27)
for some onstants C1, C2 > 0 (depending on u).
Uniqueness
Proposition 5. There exist universal onstants C1, C2 > 0 suh that
P( there is a unique rossing in S0,tσ
ǫ
N
N ) ≥ 1− C1e−C2t. (2.28)
Proof. We need the following property: we state it as a separate lemma sine
we will use it again later.
Lemma 6. For eah xed v1 > 0 and v2, there exists a onstant η(v1, v2) > 0
independent of N suh that
P
(CV ([0, v1σǫN ]× [−N, v2σǫN ])) ≥ η(v1, v2). (2.29)
Proof. We onstrut a vertial rossing in [0, v1σ
ǫ
N ]× [−N, v2σǫN ] by ombining
vertial rossings in the parallelograms [0, v1σ
ǫ
N ] × [(v2 − (k + 2)v1)σǫN , (v2 −
kv1)σ
ǫ
N ] (k = 0, 1, . . .) and horizontal rossings in the parallelograms [0, v1σ
ǫ
N ]×
9
σ
ǫ
N
−σ
ǫ
N
σ
ǫ
N
2σ
ǫ
N
rN
Figure 3: With positive probability, the front is onneted to the bottom of the
strip S0,3σ
ǫ
N
N .
[(v2− (k′+1)v1)σǫN , (v2 − k′v1)σǫN ] (k′ = 1, 2, . . .). It is easy to hek that with
probability at least
C1(v1, v2)
∞∏
k=k0
(1− C2e−C3k
α
) = η(v1, v2) > 0, (2.30)
all these rossings exist, using (as for loalization) the exponential deay prop-
erty Eq.(2.3) and Eq.(2.25).
Consider now the strip S0,3σǫNN . Let us ondition on the upper-most rossing
rN in this strip. We know from Lemma 6 that
P
(C∗V ([σǫN , 2σǫN ]× [0, N ])) ≥ η = η(1, 0) > 0, (2.31)
a lowest point on rN in Sσ
ǫ
N ,2σ
ǫ
N
N thus lies below the x-axis with probability at
least η: let us assume that this is the ase. The onstrution of Figure 3 then
shows that with probability at least δ44η
′
, with η′ = η(1/10, 0), rN is onneted
to the bottom of the strip S0,3σǫNN , by a path staying in this strip.
Now, onsider ct disjoint sub-strips S(i)N of length 3σǫN in the strip S0,tσ
ǫ
N
N ,
for c > 0 a small onstant: for eah i, FN is onneted to the bottom of S(i)N
(by a path staying in S(i)N ) with probability at least δ′ = δ44ηη′, so that FN is
onneted to the bottom of S0,tσǫNN with probability at least
1− (1− δ′)ct ≥ 1− C1e−C2t.
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k
u
2
σ
ǫ
N (k + 1)
u
2
σ
ǫ
N
Figure 4: If the front bouned bakwards by a distane larger than uσǫN , it
would reate several interfaes in one of the sub-strips Sk
u
2
σǫN ,(k+1)
u
2
σǫN
N .
Remark 7. Note that this uniqueness property implies in partiular that the
front does not boune bakwards too muh: we would otherwise observe multi-
ple interfaes in some sub-strips (see Figure 4), whih has a very small proba-
bility to happen. We use this remark in Setion 3.1, when onstruting saling
limits. We have for instane:
P
( FN bounes bakwards by a distane ≥ uσǫN in S0,tσǫNN ) ≤ C1 tue−C2u.
(2.32)
Length
Proposition 8. The following estimate on the disrete length of FN (its number
of edges) holds:
E
[|FN ∩ S0,tσǫNN |] ≍ t(σǫN )2π2(σǫN ) (2.33)
uniformly for t ≥ 1 and N ≥ 1.
Proof. It omes from Eq.(2.5) and Lemma 6 (atually it also uses separation of
arms, see [15℄) that
P(e ∈ FN) ≍ π2(σǫN )
uniformly for e ∈ [±σǫN ], whih provides the lower bound.
On the other hand, the onstrution of Figure 5 implies that if e ∈ [kσǫN , (k+
1)σǫN ] for some k ≥ 0,
P(e ∈ FN ) ≤ C1e−C2k
α
π2
(
Lǫ(p((k + 2)σ
ǫ
N ))/c0
)
, (2.34)
by using Eq.(2.5) (for the probability of having two arms) and by ombining
(for the rossing in the U-shaped region) Eqs.(2.3) and (2.25) as for loalization,
where c0 is hosen large enough so that Lǫ(p(σ
ǫ
N ))/c0 ≤ σǫN (this ensures that
11
e2Lǫ(p((k + 2)σ
ǫ
N
))/c0
Figure 5: If e ∈ [kσǫN , (k+1)σǫN ] is on FN , then there are two arms from e going
to distane Lǫ(p((k+2)σ
ǫ
N))/c0, and a blak rossing in the U-shaped region of
width σǫN .
the box around e is inluded in [(k − 1)σǫN , (k + 2)σǫN ]). We have
π2(Lǫ(p((k + 2)σ
ǫ
N ))/c0) ≤ C3π2(Lǫ(p((k + 2)σǫN )))
≤ C4π2
(
Lǫ(p((k + 2)σ
ǫ
N )), Lǫ(p(σ
ǫ
N ))
)−1
π2(Lǫ(p(σ
ǫ
N )))
≤ C5
(
Lǫ(p((k + 2)σ
ǫ
N ))
Lǫ(p(σǫN ))
)−α˜
π2(σ
ǫ
N )
≤ C6
(
(k + 2)−α
′)−α˜
π2(σ
ǫ
N ),
by quasi-multipliativity (item 3. above) and Lemma 1 (we also used an a-priori
bound on π2, that π2(n1, n2) ≥ c˜(n1/n2)α˜). This provides the upper bound by
summing over k ≥ 0:
E
[|FN ∩ S0,tσǫNN |] ≤ 2
∞∑
k=0
t(σǫN )
2C1e
−C2k
α
π2
(
Lǫ(p((k + 2)σ
ǫ
N ))/c0
)
≤ C7t(σǫN )2π2(σǫN )
( ∞∑
k=0
(k + 2)α
′α˜e−C2k
α
)
≤ C8t(σǫN )2π2(σǫN ).
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3 Saling limits
3.1 Existene
Eqs.(2.26) and (2.27) show that σǫN is the right way (up to multipliative on-
stants) to sale FN in order to get non-trivial saling limits. We thus onsider
the interfae fN obtained by saling FN in both diretions by σǫN (note that
fN depends on ǫ). The now-lassi tightness arguments due to Aizenman and
Burhard [1℄ will allow us to onstrut saling limits, and Eq. (2.27) will then
ensure that the saling limits so obtained are non-trivial.
Let us make the setting a bit more preise. We work with the following spae
of interfaes S: we onsider the set of ontinuous funtions γ : (−∞,+∞) −→
R2 suh that the x-oordinate of γ(t) tends to +∞ as t → +∞, and to −∞
as t → −∞, where we identify two urves γ and γ˜ if they are the same up to
reparametrization, i.e. if there exists an inreasing bijetion φ : (−∞,+∞) −→
(−∞,+∞) suh that γ = γ˜ ◦ φ.
Reall that we usually endow the spae of urves dened on a ompat, say
[0, 1], with the uniform distane up to reparametrization
d(γ1, γ2) = inf
φ
sup
t∈[0,1]
|γ1(t)− γ2(φ(t))|, (3.1)
where the inmum is taken over the set of inreasing bijetions φ : [0, 1] −→
[0, 1]. The same distane over (−∞,+∞) would be too strong for our pur-
pose, we rather use the partiular struture of S to dene a notion of uniform
onvergene on every ompat subinterval of (−∞,+∞).
For a urve γ ∈ S, we onsider its piee γ(n) between t(n) the rst time
it reahes x = −n and t(n) the last time it hits x = n. We an hoose the
parametrization suh that t(n) = −n and t(n) = n, so that γ(n) is parametrized
by [−n, n]. We then dene
d(n)(γ1, γ2) = inf
φ
sup
t∈[−n,n]
|γ(n)1 (t)− γ(n)2 (φ(t))|, (3.2)
for φ : [−n, n] −→ [−n, n], and nally the produt distane
d(γ1, γ2) =
+∞∑
n=1
1
2n
(
d(n)(γ1, γ2) ∧ 1
)
. (3.3)
One an hek (see [2℄ for instane) that a sequene (γk) of interfaes on-
verges in distribution toward γ in (S, d) i eah γ(n)k onverges toward γ(n)
in (S(n), d(n)), with obvious notation for S(n). Note also that in our setting,
tightness and relative ompatness are equivalent, by Prohorov's theorem.
The saled fronts fN are elements of S, and we are in a position to use the
arguments of Aizenman and Burhard [1℄ in eah S(n).
Proposition 9. Denoting by PN the law of fN , the sequene (PN )N≥1 is rela-
tively ompat in the set of probability measures on (S, d).
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Proof. We show the existene of saling limits in eah S(n). Let us x an integer
n ≥ 1 and ǫ > 0. First, there exist t, u ≥ 1 suh that for all N ,
P(f (n)N ⊆ [−(n+ t), (n+ t)]× [−u, u]) ≥ 1− ǫ/2. (3.4)
Indeed, it omes from uniqueness in the strips S−(n+t)σǫN ,−nσǫNN and Snσ
ǫ
N ,(n+t)σ
ǫ
N
N
(Proposition 5), and then loalization for FN ∩ S−(n+t)σ
ǫ
N ,(n+t)σ
ǫ
N
N (Proposition
3).
We an now use Theorem 1.2 of [1℄. Indeed, sine the Russo-Seymour-Welsh
estimates hold in the strip [±uσǫN ] uniformly for all N , we have for any annulus
A(z; r, R) = {z˜ s.t. r < |z˜ − z| < R},
P(A(z; r, R) is rossed by f (n)N ) ≤ c(r/R)α
for two universal onstants α, c > 0, and the BK inequality implies that
P(A(z; r, R) is rossed k times by f (n)N ) ≤ ck/2(r/R)αk/2
whih is exatly the hypothesis (H1) of [1℄ (uniform power bounds on the prob-
ability of multiple rossings in annuli). Hene, the sequene (P
(n)
N )N≥1, onsist-
ing of the laws of the f
(n)
N , is tight. This proves that the sequene (PN )N≥1 is
relatively ompat (using a diagonal argument).
Remark 10. Up to now, for the denition of σǫN as well as for the subsequent
reasonings, we have made no mention of the existene of the exponent ν. The
previous results are thus valid on other regular latties, for whih onformal
invariane has not been established but RSW is known to hold, like the square
lattie Z2. For this lattie, we know that
Lǫ(p) ≤ C|p− pc|−A
for some C,A > 0 (see [15℄), whih implies that for some α > 0,
σǫN ≤ N1−α.
Hene, our proofs are still valid in this ase: the front is unique, it onverges
toward the line p = pc, and saling it by σ
ǫ
N produes non-trivial saling limits.
3.2 Properties
In this nal setion, we briey disuss some properties of the potential saling
limits of the front, oming from the way they were onstruted. Their behavior
is omparable to that of near-ritial interfaes, studied in [16℄: indeed, we have
seen that the front remains (with high probability) in a region where Lǫ(p(y)) =
O(y). We informally desribe how to adapt the results and ideas developed in
[16℄ to the present inhomogeneous setting  sine no real modiation is needed
ompared to the near-ritial ase, we do not repeat the arguments in detail.
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• Similarities with ritial perolation
On the one hand, these saling limits share some properties with saling
limits of ritial perolation interfaes, i.e. SLE6. On the disrete level,
the probabilities of arm events remain the same up to multipliative on-
stants (we have stated it for 2 or 4 arms only, but this is true for any
number of arms), and we have seen that this implies for instane that the
disrete length remains omparable to what it is in ritial regime (this is
Proposition 8).
In the saling limit, the Hausdor dimension of any limit must be the
same as that of ritial perolation interfaes: if f is a weak limit along
some sub-sequene (fNk) of the sequene of interfaes, then the Haussdor
dimension of f is almost surely 7/4.
• Loal asymmetry
On the other hand, when the front is marosopially far from y = 0,
i.e. at a distane of order σǫN , it is by onstrution in a region where
Lǫ(p(y)) ≍ |y| ≍ σǫN . Gradient perolation thus provides a natural setting
where the o-ritial regime, studied in [16℄, arises.
On the disrete level, one an notie that a hexagon h is on the front i
there exist two arms from h to the bottom and top boundaries of the strip
(respetively blak and white), no matter the state of h. Hene, denoting
by ∂FN (resp. ∂+FN , ∂−FN ) the set of hexagons adjaent to FN (resp.
blak hexagons, white hexagons),
P(h ∈ ∂+FN )− P(h ∈ ∂−FN)
= P(h ∈ ∂FN and h is blak)− P(h ∈ ∂FN and h is white)
= P( two arms from h )× (2p(yh)− 1).
Consequently, in any sub-strip s = [0, tσǫN ]× [u1σǫN , u2σǫN ] (u1 < u2 < 0),
the following asymmetry property holds:
E
[|∂+FN ∩ s|]− E[|∂−FN ∩ s|] ≍ σǫN
N
× (t(σǫN )2π2(σǫN )) ≈ N4/7, (3.5)
whih is muh larger than the statistial deviation√
E
[|∂FN ∩ s|] ≍
√
t(σǫN )
2π2(σǫN ) ≈
√
N. (3.6)
Hene, there is a notieable exess of blak hexagons over white hexagons
on the interfae, whih thus turns more in one diretion.
If f is the weak limit along some sub-sequene (fNk) of the sequene of
interfaes, the same type of loal asymmetry as for o-ritial interfaes
in [16℄ should hold for any (small) portion of f loated in a strip of the
form [u1, u2] (u1 < u2 < 0): the interfae turns more in one diretion, on
every sale. In partiular, its law is singular with respet to that of SLE6
 so that gradient perolation interfaes are not stritly speaking in the
same lass of universality as ritial perolation interfaes.
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